The class numbers h + of the real cyclotomic fields are very hard to compute. Methods based on discriminant bounds become useless as the conductor of the field grows and methods employing Leopoldt's decomposition of the class number become hard to use when the field extension is not cyclic of prime power. This is why other methods have been developed which approach the problem from different angles. In this paper we extend one of these methods that was designed for real cyclotomic fields of prime conductor, and we make it applicable to real cyclotomic fields of conductor equal to the product of two distinct odd primes. The main advantage of this method is that it does not exclude the primes dividing the order of the Galois group, in contrast to other methods. We applied our algorithm to real cyclotomic fields of conductor < 2000 and we calculated the full order of the l-part of h + for all odd primes l < 10000.
Introduction
Let Q(ζ m ) be the cyclotomic field of conductor m and denote by C its ideal class group and by h = |C| its class number. In the same way let C + and h + denote the ideal class group and class number of the maximal real subfield Q(ζ m )
+ . The natural map C + −→ C is an injection [12, Theorem 4 .14] and we have the well known result h = h + h − . The relative class number h − is easy to compute as there is an explicit and easily computable formula for its order [12, Theorem 4.17] . The number h + however is extremely hard to compute. The class number formula is not so useful as it requires that the units of Q(ζ m ) + to be known. Methods that use the classical Minkowski bound become useless as m grows, and other methods based on Odlyzko's discriminant bounds (see [8] and [9] ) are only applicable to fields with small conductor. Masley in [7] computed the class numbers for real abelian fields of conductor ≤ 100 and Van der Linden in [11] was able to calculate the class number of a large collection of real abelian fields of conductor ≤ 200. For fields of larger conductor however, the above methods can not be effective. Many of the other methods that were developed, employ the well known Leopoldt's decomposition of the class number h + of a real abelian field K, see [6] , which derives from his decomposition of the cyclotomic units into the product of the cyclotomic units of all cyclic subfields K χ of K. More specifically, we have that h + = Q χ h χ , where the product runs over all non-trivial characters χ irreducible over the rationals, each 'class number' h χ is the index of the cyclotomic units of K χ in its full group of units E χ and Q is some value which equals 1 in the case where the extension K/Q is cyclic of prime order, but which is very hard to compute in the general case.
A different method is introduced by Schoof in [10] and is designed for real cyclotomic fields of prime conductor. Schoof developed an algorithm that computes the order of the module B=Units/(Cyclotomic Units), which is precisely equal to h + in his case, where the conductor of the field is a prime number. One of the great advantages of his method is that it does not exclude the primes dividing the order of the extension, as opposed to other methods.
In this paper we extend Schoof's method to real cyclotomic fields of conductor equal to the product of two distinct odd primes. We apply our algorithm to real cyclotomic fields of conductor < 2000 and we calculate the l-part of h + for all odd primes l < 10000.
Our Cyclotomic Unit η
In our case, where the conductor of the field is not a prime number, the group of cyclotomic units has a complicated structure. We therefore work with a cyclic subgroup, yet of finite index in the group of units, which we present below.
Let p and q be distinct odd primes. From now on, G will denote the Galois group Gal(Q(ζ pq ) + /Q), E will denote the group of units of the real cyclotomic field Q(ζ pq )
+ and O its ring of integers. Without loss of generality we will always assume that p < q. Choose and fix g and h, primitive roots modulo p and q respectively. Denote by η (g,h) the following real unit of Q(ζ pq ) + :
and by H (g,h) the group ±η
(g,h) . We will omit the subscripts and just write H and η since we will let η α denote the result of the action of the element α ∈ G on η. With this notation in mind, we are ready to prove a statement about the regulator of the units {η α } α∈G .
Proposition 2.1. Let E be the group of units of Q(ζ pq )
+ and H = ±η
(g,h) as above, where g and h are any two fixed primitive roots modulo p and q respectively. The index [E:H] is always finite and it equals:
where the characters χ in the first product are the even characters χ p of conductor p and those in the second product are the even characters χ q of conductor q.
Proof : Define f by f (α) = log |η α |. We see that α f (α) = log | α η α | = 0. Denote by χ an even Dirichlet character and note that for any root of unity ζ we have that log |ζ i (1 − ζ j )| = log |1 − ζ j |, where i and j are arbitrary. The regulator R of the units η α is:
(by rearranging the rows)
For a character χ and the second summand we have 
To sum up, the second summand gives:
Similarly, the third summand equals:
It is necessary to state here that the summands of the form 0 · log 0 are treated as 0 in formulae as the above.
Putting all three together and denoting by χ pq , χ p and χ q the characters of conductor pq, p and q respectively, we have that
To show that [E:H] is always finite it suffices to show that the regulator is never zero. Assume it is zero. Then for some character of conductor p the sum
is zero or for some character of conductor q the sum
which never happens as χ(g) −1 can never equal 1, since g is a primitive root. Similarly for a character of conductor q. Therefore, the regulator is never zero and this completes the proof of Proposition 2.1. ✷ Denote by P the factor
which appears in the index [E:H] in Proposition 2.1 above. We now have
One can take advantage of the fact that any choice of primitive roots g and h give a finite index, and for each field Q(ζ pq ) + one can choose the pair (g,h) with the property that P (g,h) is divisible by the smallest number of distinct primes. Furthermore, for the primes that appear in this P (g,h) one can can check to see if those primes divide the greatest common divisor of all the P (g,h) for every pair of primitive roots (g,h). In the case that a prime l does not divide the greatest common divisor, there is some pair (g 0 , h 0 ) for which l does not divide P (g 0 ,h 0 ) . We can therefore repeat the first part of our algorithm that we present in Section 5, for this pair (g 0 , h 0 ) and for this prime l. We continue with the next step of the algorithm for this prime l, only if it gives a non-trivial factor. These facts are very useful in the computations, since they narrow down the number of primes that one needs to check to see if they divide h + .
3. The module B= E/H = E/±η
We denote by B be the 
The following Lemma appears in [10] . We prove it again here as we found a few ommisions in the proof.
Lemma 3.1. The kernel of the natural map
is trivial if l odd and it has order two and is generated by −1 if l = 2.
Proof: Fix an embedding F ⊂ C. Then Q(ζ pq ) + identifies with a subfield of R. Suppose 0 < x ∈ E ⊂ R is in Ker j. Then x = y M , some y ∈ F * . Since µ M ⊂ F we may assume that y ∈ R and therefore conj(y)=y, where conj is complex conjugation in ∆. Since ∆ commutative, s(y)=s(conj(y))=conj(s(y)) ∀s ∈ ∆, therefore s(y)=±y ∀s ∈ ∆, since y and all its conjugates are real Mth roots of x. If l = 2 then M is odd. Assume ∃s ∈ ∆ with s(y)=−y. Then x=s(x)=s(y M )=(s(y)) M =(−y) M =−x, contradiction. Therefore ∆ fixes y and hence y ∈ (Q(ζ pq ) + ) * and x ∈ E M . Since we took x > 0 we need to check for −1 as well. Since M odd, (−1) M = −1 therefore −1 ∈ E M as well and in this case j is an injection. If l = 2 we see that s(y 2 ) = s(y) 
+ which means Ker j = −1 of order two in this case. ✷
Let Ω = Gal(F/Q). We have the following exact sequence of galois groups
Let ℜ be any prime ideal of F of degree 1, ρ a prime ideal of Q(ζ pq ) + and r a prime number such that ℜ | ρ | r. We have r ≡ ±1 (mod pq) and r ≡ 1 (mod 2M). We have |G| = and we consider the following diagram:
The maps
, f 4 and f 5 are defined as in [10] . Let
In a similar manner as in the proof of Theorem 2.2 in [10] , it can be shown that the maps f ℜ correspond to the Frobenius elements of the primes over ℜ in Gal(F (
is of the form f ℜ for some ℜ ∈ S, where S denotes the set of unramified prime ideals ℜ of Q(ζ pq ) + (ζ 2M ) of degree 1 and R = (Z/MZ) [G] . We can therefore state the following theorem, whose proof we omit as it is very similar to that of Theorem 2.2 in [10] .
Theorem 3.2. Let l and M be as above and let I denote the augmentation
4. The computations 4.1. Reformulating Theorem 3.2 in terms of Polynomials. Let l be a fixed odd prime, M > 1 some fixed power of l and G denotes the galois group of Q(ζ pq ) + . The group G is of order (p − 1)(q − 1)/2 and we have the isomorphisms
where σ : ζ p → ζ γ p and τ : ζ q → ζ δ q with γ and δ being fixed primitive roots modulo p and q respectively. The third relation is that of complex conjugation. The primitive roots γ and δ will be fixed throughout and will always represent the generators of (Z/pZ) × and (Z/qZ) × respectively. We see that
via the map that sends σ to x and τ to y. Similarly,
Using this notation, the maps f ℜ that were introduced in the previous chapter can now be expressed as polynomials in the variables x and y as follows:
.
Here, log r denotes the discrete log which gives log r (η) = s where s ∈ Z/MZ is such that
. We note here that the second sum in the definition of f ℜ (x, y) goes from 1 up to (q − 1)/2 since we are in the real subfield of Q(ζ pq ).
Given the above, we can now reformulate Theorem 3.2 of the previous chapter as follows:
Theorem 4.1. Let l be a fixed prime and let M > 1 be some fixed power of l. Denote by R the ring
Proof: From our polynomial description of Z[G] above, it follows that the augmentation ideal of (Z/MZ) [G] is (x − 1, y − 1) . The result is now immediate from Theorem 3.2. ✷
The Decomposition of the modules B[M]
⊥ . LetG denote the Galois group of the extension Q(ζ pq )/Q. We can write Z l [G] as follows: for the same fixed prime l as above, write
where l a 1 ||p − 1 and l a 2 ||q − 1. Since now l does not divide m 1 and m 2 , we have that
where the product runs over all irreducible divisors φ x of x m 1 − 1 and φ y of y m 2 − 1. We see that
-algebras with maximal ideals (l, φ x (x)) and (l, φ y (y)), respectively, and the orders of their residue fields are l f 1 and l f 2 , where f 1 = deg(φ x (x)) and f 2 = deg(φ y (y)). Let ∆ denote the subgroup ofG of order prime to l. From the decomposition of Z l [G] above, we can write any finite Z l [G]-module A as a product of its φ-parts ⊥ φx,φy . Therefore, when we want to find the Jordan-Hölder factors of B we can start by taking all combinations of degrees f 1 and f 2 . Since x and y are non-zero elements in the corresponding residue fields
we must have that the orders of x and y in the ring attached to φ x and φ y must divide l f 1 − 1 and 
and similarly for 
4.3. Gröbner Bases. We make use of Gröbner Bases, which we present here by following [1] , in order to handle the appearance of two variables in our calculations of the ideals J defined in the previous section, and enable ourselves to calculate the order of the various B[M]
, where f 1 and f 2 are the degrees of some irreducible polynomials φ x and φ y respectively. Again, let B[M]
the corresponding ideal. All the computations for the calculation of the Frobenius polynomials were performed in PARI and the computations for a basis for the ideal J in MATHEMATICA, which allows the computations of bases for ideals whose elements are polynomials in more than one variable and their coefficients are in any ring (Z/MZ), not necessarily a field. In this section, R = (Z/MZ)[x, y] will be our polynomial ring in two variables x and y with coefficients in the Noetherian ring (Z/MZ), which makes R Noetherian as well. Because of the appearance of more than one variable in our polynomials, we need to agree on the order of the variables and also find a way to compare every element. We call a power product an element of the form x a y b with a, b non-negative integers and we denote by T 2 the set of all power products our polynomial ring R. Following the definition of term order given in [1] , we define a total order on T 2 as follows:
By a term order on T 2 we mean a total order < on T 2 which satisfies the following conditions:
The type of term order that we use here is the lexicographical order on T 2 which we define below:
if and only if (a 1 < a 2 or (a 1 = a 2 and b 1 < b 2 )). We therefore have 1 < y < y 2 < y 3 < ... < x < xy < xy 2 < ... < x 2 < ...
Now that
, the leading term of f . Since the coefficients are not necessarily in a field, we need to 're-define' division.
Definition 4.4. Let f and h be polynomials in R and G a set of polynomials in R, G = {g 1 , g 2 , ..., g n }. We say that f reduces to h modulo the set G in one step, denoted f Definition 4.5. Let f , h and f 1 , f 2 , ..., f s be polynomials in R, with f i = 0 ∀ 1 ≤ i ≤ s, and let F = {f 1 , f 2 , ..., f s }. We say that f reduces to h modulo F , denoted f F / / h , if and only if there exist polynomials h 1 , ..., h t−1 ∈ R such that
We note that if
We will now give the statement of a theorem ([1, Theorem 4.1.12]) which basically serves as the definition for a Gröbner Basis. We need to state first that the leading term ideal of an ideal V of our ring R, denoted by LT (V ), is defined as:
Theorem 4.6. Let V be an ideal of R and let G = {g 1 , ..., g n } be a set of non-zero polynomials in V . The following are equivalent:
(ii) For any polynomial f ∈ R we have f ∈ V if and only if
..+h n g n for some polynomials h 1 , ..., h n ∈ R, such that lp(f ) = max 1≤i≤n (lp(h i ) lp(g i )). ✷ Theorem 4.8. Let V ⊆ R be a non-zero ideal. Then V has a finite Gröbner Basis. ✷ We compute in MATHEMATICA a Gröbner basis for our ideal J of the ring R, which we denote by G J . We see that the order of B[M]
In the last step of the algorithm we will also need to compute the annihilator of some ideal G J over the finite ring R d 1 ,d 2 . For this we follow the method outlined in [1, Proposition 4.3.11] and we calculate the ideal quotient
The Algorithm

5.1.
Step 1. Fix distinct odd primes p and q and an odd prime l. The product pq is the conductor of the field Q(ζ pq ) + whose class number h + we want to calculate and M = l is the prime that we check to see if it divides h + . Factor x m 1 − 1 and y m 2 − 1 into irreducibles in Z/lZ where, as above, gcd(m i , l)=1 for i=1,2 and m 1 l a 1 = p − 1 and m 2 l a 2 = q − 1. As before, let (f 1 , f 2 ) be a pair of degrees of irreducible polynomials φ x , φ y respectively, which appear in the factorization of
. For various primes r with r ≡ ±1 (mod pq) and r ≡ 1 (mod 2l) we calculate the Frobenius elements f ℜ as in (iii), Section 4.2. Let J 0 denote the zero ideal of R d 1 ,d 2 together with the conjugation relation cnj. We pick several Frobenius polynomials f ℜ i that we calculated above and we 
is not trivial, if J l has indeed stabilized at the correct ideal J. Hence we believe that l divides the index [E:H].
As expected, in most cases the ideal J l is the whole ideal I d and so we do not continue to steps 2 and 3 for this prime l. When we do get a nontrivial quotient I d /J l for some l however, we do not proceed to the next step right away but we follow first the procedure outlined right after the proof of Proposition 2.1.
5.2.
Step 2. In this step we repeat the procedure of step 1 but with higher powers of l, i.e. for M = l 2 , l 3 , etc, and only for those primes which 'passed' step 1. The coefficients of the Frobenius polynomials f ℜ now lie in (Z/MZ) and we have to make sure that the primes r satisfy r ≡ 1 (mod 2M) for the specific power M of l. As before,
Step 1, for each M we have that the sequence of ideals
will stabilize at some ideal J M and the order of the quotients
is finite and its order is bounded above by |B d 1 ,d 2 | which is finite and independent of M, the orders of the quotients I d /J M will have to stabilize. We will have that for some power M of l,
are isomorphic as finite abelian groups, we obtain MB
is surjective. Let GCD(P g,h ) denote the greatest common divisor of all the P g,h that were defined in the last paragraph of Section 2. We need to state here that if |I d /J M | = |GCD(P g,h )| l , then we do not have to procced to Step 3 for this prime since
)| l and no power of l divides h + .
5.3.
Step 3. In the third and last step we determine the structure and hence the order of the module B
, by showing that the surjective map
is actually an isomorphism.
Let M be as in step 2, i.e. the power of l which annihilates B
. Consider the exact sequence, where ψ ′ raises an element to its M-th power:
Therefore, we obtain the following exact sequence of
where the generator η d 1 ,d 2 of the unit groups in the sequence above, is the unit η with the norm map
applied to it.
From the surjection g :
that we established from step 2 we obtain the injection
We have (
, which is the ideal quotient already discussed in Section 4.3. Therefore, (
we denote by J M , as the ideal
. But now we have that
Therefore we have that the orders of
are equal and hence g is an isomorphism. Hence, if we show that Ann
, from the second exact sequence above we will have proved that g is an isomorphism.
To find the annihilator Ann 
is an M-th power of a unit in E then we are done. To see whether it is an M-th power we follow a method similar to the one in Gras and Gras [3] that we also mentioned in the Introduction. We reformulate here the main proposition from [3] in order to make it applicable to our case and we prove it again, only for the case that l is odd since we only calculate the odd l-parts of h + . We denote by η 
Proposition 5.1. Let M be a fixed power of an odd prime l as above and consider the polynomial
where (a(η
Proof: Let N be the largest power of l for which the unit (η
+ . If M = N then we are done so we assume N < M.
is not an element of (Q(ζ pq ) + ) l and therefore by [5, Chapter VIII, Theorem 16] we have that the polynomial
1/M has at least one Galois conjugate that is not real. But P (X) ∈ Z[X] implies that the Galois conjugates are roots of P (X) which are real. Therefore we have a contradiction. ✷ Most of the times the P (X)'s are very large polynomials with huge coefficients. We can prove that they are integers by applying a method outlined in Schoof [10] , which requires that we round off the coefficients of P (X) and then show that this new polynomial divides P (X M ).
6. Examples 6.1. The field of conductor 469 = 7 · 67. We confirm Hakkarainen's [4] result that 3 is the only odd prime < 10000 which divides h + . He only obtained however a 3
1 dividing h ξ , whereas our results show that that the 3-part of h + has order 3 2 . Let r =3, p=7, q=67 and Q(ζ pq ) + be the real cyclotomic field of conductor pq=469. We first compute the factor P (g,h) for all pairs of primitive roots (g, h) and then their greatest common divisor GCD(P (g,h) ). From the calculations we have that GCD(P (g,h) ) = 2 32 and so we see that it is best to run the test with the pair (g ′ , h ′ ) = (3(mod7), 7(mod67)) for which P (g ′ ,h ′ ) has the smallest number of factors. In particular, Step 1 gave the primes 2, 3 and 17 to be the only primes < 10000 that are possible divisors of the index. Since we chose not to calculate the 2-part of h + , the only primes we have to consider are 3 and 17. Before proceeding to step 2 however, we run step 1 again for the prime 17 because it did appear as a factor of P (g ′ ,h ′ ) but not of GCD(P (g,h) ) and therefore it is possible that it might only divide P (g ′ ,h ′ ) and not h + . The pair (g 0 , h 0 ) = (5(mod7), 7(mod67)) does not have 17 as a factor of P (g 0 ,h 0 ) and step 1 for 17 with this pair of primitive roots only gives trivial JordanHölder factors. Therefore we proceed to the next steps only for the prime 3. We now proceed to step 3 of the algorithm where we prove that
The computations for the ideal J M gave us the basis (−2 + y, 1 + x) in Z/9Z. Since the degree of x and y in R d 1 ,d 2 is 3 · 2 = 6, we compute the annihilator of (−2 + y 3 , 1 + x 3 ) in (Z/9Z)[x, y]/(x 6 − 1, y 6 − 1). We found the following polynomial to be the generator of Ann
where Φ k is the k-th cyclotomic polynomial. Therefore, we apply to η the norm map
instead of the map
and then the annihilator h ′ (x, y) = 3(−1 + x)(−1 + y). The polynomials P (x) and P (x M ) of Proposition 5.1 were calculated with a precision of 500 and are shown in the table below. Finally, we showed that P (x) divides P (x M ) hence proving rigorously that 3 2 ||h + .
Step 3 for the field of conductor 1355 = 5 · 271. We found that the only prime l < 10000 dividing h + is 37.
Step 2 of our Algorithm showed that the orders of the quotients I d /J M stabilize at M = 37 with J M = (9 + 27y + y 2 , 8 + x + 28y) in Z/37Z and with (d 1 , d 2 ) = (4, 18). The only two factors that gave a non-trivial quotient I d /J M where φ x (x) = x+ 1 and φ y (y) = y + 28. The computations for the annihilator gave us only one generator = Φ 4 (x)Φ 2 (y)Φ 6 (y)Φ 18 (y)(4 + 33x + 21y + 16xy + 27y 2 + 10xy 2 + 3y 3 + 34xy 3 + 25y 4 + 12xy 4 + 11y 5 + 26xy 5 + 30y 6 + 7xy 6 + 28y 7 + 9xy 7 + 36y 8 + xy 8 ) = Φ 4 (x)Φ 2 (y)Φ 6 (y)Φ 18 (y)h ′ (x, y)
According the formula ( * ) above, Φ 4 (x) = (G 1 ) ′ 2 and Φ 2 (y)Φ 6 (y)Φ 18 (y) = (G 2 ) ′ 9 hence, the norm map that we need to apply to η is (x 4 −1)(y 270 −1) (x 4/2 −1)(y 18/9 −1) and then the annihilator h ′ (x, y). The polynomials P (x) and P (x M ) of Proposition 5.1 were calculated with a precision of 7000 and we showed that P (x) divides P (x M ) hence proving rigorously that 37||h + . The polynomial P (x) is shown in the table below whereas P (x M ) is omitted as it is too long.
P (x) x 4 − 534186444472275956720533076216968091508192072459731400996 * x 3 + 71338789364482991009380877708435286461900572928062358768758453333592004560 744265699158031988648292121436237448006 * x 2 − 534186444472275956720533076216 968091508192072459731400996 * x + 1
Table and Discussion of the Results
We applied Steps 1 and 2 of the algorithm to real cyclotomic fields of conductor pq < 2000. We tested the divisibility of |B| = [E : H] = P · h + by all primes l < 10000. All the primes appearing in the greatest common divisor of the P (g,h) for all pairs of primitive roots (g, h), came up as possible divisors, as expected. These primes are listed in the column 'GCD' of Table  1 below. Since we do not calculate the 2-part of h + or the l-part for l > 10000, we leave out the powers of 2 as well as the primes > 10000 from the 'GCD'. Therefore, if a '1' appears in the column 'GCD' for some field, this means that no odd primes < 10000 divide the greatest common divisor of the various P (g,h) . However, there are always powers of 2 in the 'GCD', as we see from our calculations of the index [E : H] in Section 2. In the column 'l' we present all other primes that Step 1 gave to be possible divisors of h + , besides the ones that already appear in the column 'GCD'.
Step 2 verified for all fields that indeed, for some M we have that |B [M] turned out to be non trivial and the column 'h + ' shows the l-part of h + for all odd primes l < 10000. For the primes l not dividing the degree of the extension, our results agree with Hakkarainen [4] . For those primes l that divide the degree of the extension, our results completed his results in the sense that we either verified that no higher powers of l divide h + , or that there are indeed such higher powers of l. We found five such fields where higher powers of l divide
